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A link is an embedding of Ilf^j^S^ in S'^ or in R'^. A famous problem is the classification of links up to 
isotopy. This problem has an algebraic solution through braids. A braid is an embedding of U"=i/ into the 
cylinder x /, such that the intervals are considered to strictly decrease from the top to the bottom disc. 
The end points are considered to be fixed. 

The braids form a group, the multiplication being given by putting the cylinders in top of one another, 
such that the end points correspond. The identity element is the braid formed by all the strings going straight 
from the point i x 1 to i x 0. The braid group B„ is finitely presented given the number of strings also called 
the braid index. The standard set of generators is ui, . . . , cr„_i, (7i being represented in the picture below. 
Moreover the braid cr~^ is the one in which the crossing of the i-th string is in front of the the i + 1-th. 
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Figure 1: Generator at 

Adding a trivial string one obtains a braid in B„+i. This give us an embedding B„ ^ B„+i. 

A braid can be closed to a link connecting every point j x to i x 1 by an arc which go around an axis 
perpendicular to the cross-section of the cylinder. The axis is shown in the above picture by the star. A link 
obtained in this manner is also called a closed braid. 

A theorem of Alexander says that any link in (or M.^) can be isotoped into a closed braid. Markov 
theorem says that the closures of two braids a, (3 are isotopic if and only if the braids are related by a finite 
sequence of the following two moves and their inverses. 

(1) /3 = 7 • a • Q;,/3,7eB„ 

(2) j3 = a ■ (T^^, changing the braid index, n ^ n + 1 

The trouble in the classification problem mentioned above is made by the mixture of the two moves. To 
be more precise for each isotopy class of links there are infinitely many braids which close to a link in such 
a class. But there is a braid representative of minimum braid index representing the link. The problem is 
that given a braid with a larger that minimum braid index, representing a link ( up to isotopy) , it might be 
the case that in order to simplify it ( meaning to decrease the braid index) one should go up in the tower of 
braid groups, and then go to a lower index than the one at the beginning. 

Examples of this kind were given by Rudolph in [llj for the unlink with two components, refined by 
Morton in [9] to an example for the unknot. 

To overcome the difficulty Birman and Menasco in the paper [1] described a new move which doesn't 
change the braid index and may be accomplished only by crossing the braid axis as in Markov move (2), 
above. This new move is given in the following: 

Definition 1. Two braids /3i,/32 are said to be related by an exchange move, or called exchange related, if 
f3i = Xa^^^Ycjn and P2 = XtT„Fcr~^, where X and Y g B„. 

The move changes the conjugacy class of generic braids for n > 4. Our goal is to discover a simple and 
definitive test for verifying whether two braids which are related by an exchange move are conjugate or not. 
In [2] the authors describe an algorithmic solution for the conjugacy problem in B„. This gives, of course, 
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a complete answer to our question, however the algorithm is complicated and one might hope for a simpler 
solution in our special situation. The matter turns out, however, to be subtle. All the easy invariants take 
an identical value on exchange-equivalent conjugacy classes. 

Let me describe briefly the content of the rest of the paper. In Section [1] I give the definition of the 
Fiedler invariant, which is a class invariant. I state its properties in Theorem |4] and give a sketch of the 
proof for the case of braided knots. Although implicit in Morton's work [TD], I prove in Proposition [6] that 
Fiedler's invariant is a type one invariant. Then in Section [2] I use Fiedler's polynomial to detect exchange 
related braids. Necessary and sufhcient conditions for this are given in Proposition [9l At the end of the 
section I give explicit examples (see Examples 1 1 21 — IT4)) . 

1 Fiedler's invariant 

Fiedler in [5] describes in a general setting an isotopy invariant for knots. He considers knots K embedded 
in an orientable 3-manifold E which is the total space of a real line bundle over a surface. I will consider 
in what follows only braided knots. The knots are embedded in E = \ {z — axis} and the surface is 
S = M2 \ {0}. 

For this particular case we get in fact an invariant of closed braids up to conjugacy, as described in 
Fiedler's paper. Applying this invariant to /3i and P2, exchange related braided knots, we see that there are 
a lot of cases in which it can distinguish when they are not conjugate. 

In the sequel I will consider only braids 7 — Jlr=i '^t'^ such that their closures 7 are knots. By smoothing 
I will understand the replacement shown in the picture below. 

i i + 1 i i + 1 i i + 1 

/\ " /\ ^ ^ c 

e = 1 e = - 1 

Figure 2: Smoothing 

Definition 2. The ascending string of a crossing in a given closed braid 7 (counting all the braid strings 
from 1 to n at the top of each crossing) is: 

• if the sign of the crossing ai^. is ep = 1 then the ascending string is the v-th string after smoothing the 
crossing; 

• if the sign of the crossing ctj^, is = ^1 then the ascending string is the v+i-th string after smoothing 
the crossing. 

Definition 3. The Fiedler polynomial for any 7 e B„ is given by: 

fc 

r=l 

where m(r) is the winding number of the ascending string around the braid axis, after smoothing the r-th 
crossing of the braid. 

Let TT : B„ — > E„ be the homomorphism which assigns to each braid its associated permutation. Let s, 
be the transposition (i, I will denote with ttx the image of the braid X through tt, so, 7r(cri) = tTc^ = Si. 



Theorem 4 (Fiedler). F^(a;) is a conjugacy class invariant of j G Tin where ^ is a knot, and has the 
following properties: 
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1. Fy{x) is a symmetric Laurent polynomial in x. 

2. maxdeg of any monomial in F^(a;) is < (n-2). 

3. If J is conjugate to a positive braid then maxdeg (F^ix)) is n-2 and all coefficients are positive 

4- F^(l) = wfj) (where wfj) is the writhe of"f). 

Proof. The proof for the case of braided knots is easier than the general case described by Fiedler. One has 
to see that (3 i — > F^(a;) is a well defined map. More precisely I need to show firstly that 

F-Jx) = F , (x) 

F Jx) = F ' Jx) 

F Jx) = F Jx) with \i-j\ > 2 

The last two equalities have to be proved because the relations in B„ are ajOjj^xGj — aj^iajCFj-^-i for 
J = 1, n — 2 and ajCFi = aiaj for |i — j | > 2. After smoothing the r-th crossing of /3, tt^ will break into 
a product of two disjoint cycles. Then m(r) is the length of the disjoint cycle which contains v, the index of 
the r-th ascending string. I will denote by Pe{x) all the monomials in the Fiedler polynomial corresponding 
to the letters in 9, and also m(ai^) — m(ir). 

F , (x) = PJx) + - 2.2m(a-i)-n _^ p / ^ 

I have to show that m{aj) — m{aj^). When I am smoothing any of these two crossings the associated 
permutations are the same: TTaSjTTp. So the decompositions into disjoint cycles, when smoothing either aj 
or are the same. For aj the ascending string is the ij string and for is also ij viewed at the top of 
(Tj. So m{aj) — m{aj^) and from here I obtain that: 

F — fx) = P^(x)+Pfi{x) = F^{x) 

a(7j(Tj p 

In the same way one can prove the last two equalities, as well as the invariance under conjugation. Everything 
else in the theorem can be proved using a " skein relation" . The assertion is that the difference of the respective 
values of the Fiedler polynomial on the braids aa.j(3 and aaj"^ (3 is a symmetric polynomial ( see ([IJ ). One 
observation is that the ascending string when smoothing aj^ is the descending string for the case when 
smoothing Uj, and so m{(7^^) — n — m{aj). 



F — Jx) -F-^{x) = 
P„(a;) + + Pp{x) - [P^{x) - x^^K")-" + P ^{x)] = W 

^2m(CTj)-n _|_ ^n-2m(CTj) 

The rest of the proof is exactly as in Fiedler's paper. □ 



Remark 5. From now on we can think of f3 as being the conjugacy class of /3 G B„. The closure of any braid 
in /3 is the same braided knot /3. 

Using only the Definition [3] one can prove the following: 

Proposition 6. The Fiedler polynomial is an order 1 invariant for braided knots in \ {z — axis}. 

Proof. This observation is implicit in Morton's work [10] . using the well known theorem of Birman and Lin 
[3]. A direct proof can be given by a direct calculation. 

I use the symbol Si for the " singular" generator of singular braid monoid (see [I] ) . That is an elementary 
braid in which the strings i and i + 1 intersect transversally at a point. Now I need to see that if I consider 
a singular closed braid with two singularities Si and Sj then the Fiedler polynomial vanishes. Solving each 
singularity in the two possible ways one gets: 

^ A-iTl^ n{x) ^F ,-^Jx) -F , (a;)-F (a;) + F ^ , (x)]. 
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Now using the "skein relation" mentioned in the proof of the Theorem [4] I will obtain: 

Pa (a;) + + Pi3(a;) + ^^"(j)-" + Pc{x) 

-[PAix) + a;2"W-« + Pb(x) - x"-2mO) + Pc{x)] 
-[Pa{x) ~ a;"-2™W + Pg{x) + x2"0')-« + Pc{x)] 

□ 

2 Exchange moves and Fiedler polynomial 

In this section all braids considered are representatives of knots. I will apply Fiedler's polynomial to exchange 
related closed braids, /3i and ^2- Recall from Definition [H that such braids look like this: (3i = Xa^^Yan 
and (32 = X(TnYa~^. 

I want to discuss in some more details the braids X and Y which form the two exchange related braids. 
If X is a word only in letters cti, • ■ • , (t„_2 then X commutes with a^^ and /3i — <j^^ XY<Tn, (32 = cTnXYa^^ 
which are conjugate braids. Similarly if K is a word in letters ci, ■ ■ ■ , (Jn-2 then Y commutes with a^^ and 
both /3i's are conjugate to XY. I am not interested in either of these two cases. So I will assume that X, Y 
contain the letter cr^^^ in their expression. 

Suppose now X = Xia^'LiX2 with no other appearance of an-i, which means that Xi,X2 are words in 
letters (Ti, . . . ,cr„_2. Then ttx — t^XiT^x^ and both ttxi and 11x2 fix the letter n. TTf^^ — T^Xii^x-iSnT^YSn = 
SnTTjCj^TTXaTTySn (bccause the multiplication of disjoint cycles is commutative). 

The last expression is conjugate to 'itxxT^X2'^y which cannot be an (n + l)-cycle because it fixes the letter 
n + 1. Also X — Xia^2iX2(j'^2i ■ ■ ■ cr'^liXi, with Xi G B„_i, with no other appearances of cr„_i wouldn't 
give us by closure a knot, because the n-string of the braid would close itself to a component of the link. 
The same is true for Y . So at least one of the appearances of tT„_i in X or Y , should be at an odd power. 

Consider also the braid (3 = XunYun. The braids (3,(3i,(32 are simultaneously knots, that means their 
associated permutations are tt^ = tt^^ = irp^ = T^xSnT^YSn are (n + l)-cycles and I have the relation w{X) 
+ w(Y') = n (mod 2). I want to see when F^^(a;) = F^^(a;), for (3i,(32 exchange related. I will denote with 
'7ii((T„) the winding number of the ascending string of the first cr„ in the expression of /3, and with m2{(Jn) 
the winding number of the ascending string for the second one. 

Y p{x) — F^- (x) = 2;2™i('^"'^("+^' _|_ ^(n+l)-2mi((T„)^ 
Y -(^x) — F- ix) — 2;2m2((T„)-(n+l) _|_ ^(ri+l)-2m2 (ct„) 

(2) 

2,2m2(o-„)-(n+l) ^(n+l)-2m2(c7^) _ ^.Smi (<t„ )- (ri+1) _ ^(n+1) -2mi ((j„ ) 

Because tt^ = T^xSnT^ySn is a (n + l)~cycle whenever I set s„ — 1 one of its appearances, (smooth one 
of the f7„ in the braid) I will get the resulting permutation to be a product of 2 disjoint cycles. So one of 
the cycles of ttxt^ySu has length mi(cr„), and one of the cycles of nxSniry has length TO2(o'n). 

The above difference is a symmetric polynomial and depends only of the permutations ttxt^ySu and 
T^xSnT^Y- Let A — TTx and B = s„7rys„ then 7rx7rys„ = As„_B, ttjc SnTTy = ABs„. 

Remark 7. I will restrict my attention to the case when the above permutations A and B are both cycles, 
and I will study the case when they multiply to give us a full cycle which is tt^ the associated permutation 
a braided knot /3. 

Definition 8. Let / be the length of one of the cycles of ttxttySu- 
So is either / is mi(a„) or (n + 1) — toi((7„). 

Proposition 9. Let n > 4. If n+1 is odd and I — ^-i^ then F^^ = F^^ for all pairs of braids /3i and 
P2 related by an exchange move; conversely, if F^^ — F^^ for all pairs of braids Pi and P2 related by an 
exchange move then n+1 and I = ^^y^. 
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I mentioned the condition n > A, (so the exchange related braids wiU live in B5 at least), because for 
braid index 3, the exchange move does not change the conjugacy class of the braids and from the conclusion 
of the proposition we see that the values of the Fiedler polynomial are different for two exchange related 
braids living in B4. 

To prove the above result I will study how the permutations A and B multiplied give a full cycle. Let 
A — {ii- ■ - ia), B = • ■ • , jb) be both cycles. Consider AUB = {1,2, - ■ ■ ,n+l}, and ACiB — {ti, - ■ ■ ,tm} 
to be the union and respectively the intersection of the sets of digits appearing in A and B. Consider 
^1, • ' ■ J to be written in an increasing order. In both A and B these digits will appear in different order. 
Denote by i^a the permutation obtained by considering the digits ti, • • • , im in the order they appear in A, 
and similarly vb- Denote also by i'a,b = i^a^ ■ vb- Let's see what these permutations look like calculating 
a few examples (computations are done with |7]). 

1. (1 7395428 6)(1 2) = (1 7 3 9 5 4)(2 8 6), A n B = (1 2), va = vb^ id, va,b = id 

2. (1 7395428 6)(1 2 3) = (1 7)(2 8 6)(3 9 5 4) A n B = (1 2 3), va ^ {2 3), vb = id, va,b = (2 3) 

3. (1 7395428 6)(1 235 6) = (1 7543962 8) 

^ n B = (1 2 3 5 6), = (2 3 5), vb = id, va,b = (2 5 3) 

4. (1 3 4 7 10 5 8 11)(6 75329 8) = (1 298 11)(3 4 5 6 7 10) 
^ n B = (3 5 7 8), VA = {^ 7), vb = (3 7), i^a.b = (3 7 5) 

5. (1 3 4 7 10 5 8 11)(6 7 5 3 2 9) = (1 2 9 6 7 10 3 4 5 8 11) 

^ n B = (3 5 7), = (5 7), VB = (3 7), va,b = (3 7 5) 

6. (1 3 4 7 10 5 8 11)(6 7239 5) = (1 958 11)(2 3 4)(6 7 10) 
^ n B = (3 5 7), VA = {b 7), = (3 7 5), ua^b = (3 7) 
These computations lead to the following: 

Lemma 10. Let A, B cycles, as above. Then A ■ B is a full cycle if and only if \A n B\ is odd and va.b 
has an even number of inversions. 

Proof. For the direct implication suppose first Af] B = {ti, ■ ■ ■ ,t2m} and i'a,b is identity. We have 

*/£p = tp ^ Jkp ■ 

A- B ^ (ii, ■■■ ,iki,--- ,ik2^,- ■■ ,ia) ■ {.ji, ■ ■ ■ ,jki,- ■ ■ , jfe2™> ' ' ' db) 

= (il, ■ • ■ , iki-l,jki + l ■ ■ ■ ,.ik2,ik2 + l, ■ ■ ■ Jk2r„,ik2rr^ + l7 ' ' ' J ^q)' 

(jl,--- Jki-l,jki,iki+l--- ,ik2-l,jk2 + l, - ■ ■ ,ik2rr^-lJk2^+l, - ■ ■ , jb) 

If we are changing i'a,b with an even permutation, first we will encounter ia and this will give us a product 
of 2 cycles as above which is a contradiction. 

Now suppose An B = {ti, ■ ■ ■ , t^m+i} and sign{i'A,B) = 1 (mod 2). I will consider the case va.b = (1 2). 
So in this case we have ik^ = ti = jk2 and — h — jki and for the rest of p's ik^ — tp — jk^. 

A- B ^ (zi, • • • ■ • • ,«fe2„+i, ■ ■ ■ ,ia) ■ (ji, • ■ ■ , jfci, ■ ■ ■ Jk2„^+ir ■ ■ ,ib) 

= («1, • • • ,iki-l,jk2 + l ■ ■ • ,jk3,ik3 + l, ■ ■ ■ ijk2^,ik2m + l, ' ' ' ,«a)- 
(«fci, • • • , ifca-liifei + l • • • 7 Jfc2-l) • iik2i ■ ■■ 1 ika-lijka + l, ' ' ' , ik2m+i~l, jk2m + li ' ' ' i jb, jl, ' ' ' ,jki-l)- 

Again if we are changing va.b with an even permutation we will get the same kind of decomposition in 
disjoint cycles for A ■ B e.s above. 

For the other implication I will consider An B = {ti, ■ ■ ■ ,i2m+i} and va^b is identity. 

A • S = (ii, • ■ • ,ifei, ■ • ■ ,ik2^+i,- ■■ ,ia) ■ (jl, ■ ■ ■ ,jki,- ■ ■ ,ifc2™+i: • ■ ■ Jb) 

= (il, - ■■ ,iki~l,jki+l - ■ ■ ,jk2iik2 + l,- ■ ■ ,*fc2™ + i-l7 jfe2,„+i + l, ■ ■ • ,jb, 

jl,-- - ,jki,iki+i, - - - ,ik2-i,jk2+i, - - - ,«fe2™-i: Jfe2,„+ir ■ • ,ia) 

Changing va,b with an even permutation we get again an (n + l)-cycle because in the multiplication we 
are getting first jb and then at the end ia. □ 

With A, B as above, A Ci B = {ti, ■ ■ ■ , i2m+i}, and n,n+ 1 are not in this set. Then 
AsnB n ABsn — {ti, ■ ■ ■ , t2m+i, n} SO the cardinal of this set is even. 
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Lemma 11. Let A, B as above, such that A ■ B is a full cycle, then -nxT^YSn o-nd 7rxs„7ry have disjoint 
cycle decomposition of lengths I, n+l-l and respectively l-l, n+2-l. 

Proof. I will consider as in the previous proof only the permutation v of the intersection set 
{ti, • ■ • , t2m-i} is the identity and n and n + 1 are at the end between Z2m-i and ia and respectively 
between j2m-i and jb- By cyclic permutations of digits we can arrange to have this order in A. So the 
above assumption is only for B. 

A = (ii,--- jifei,-- - ,ifc2„-i,--- ,«a) where z„ ^ n. B ^ (ji,-" ,3ki,--- , jfe2,„-i - ' ' ' ,jv,--- ,jb) 

where jy = n + 1. s^B = (ji,--- ,jki,--- ,jfc2„>-i>--- Jv-i, jv,n, ■ ■ ■ ,jb) 

BSn — (jl , • • ■ , jki I ' ' ' I jk^m-i I ' ' ' 1 jv — lj'n, jvT ' ' ' J jb) 



ASnB — (Zl , • • • , ifej^ , • • • , ik2m-l J ' ' ' I J ' ' ' J ^a) ' (j'l ; ' ' ' ; j'fei 7 ' ' ' I jk2m-l 7 ' ' ' J j'u— 1 ; j't) j ^ i ' ' ' j J&) 
= • • • ,*fel-l, j/ci + 1 • • • ,jfc2I«fe2 + lj • • • J*fe2™-l-l7 Jfe2™-1 + 1' • • • ljv-l,jv,n, ■ ■ ■ ,ia)- 

{iki,--- ,ik2-l,jk2+l - ■ ■ iik3,ik3 + l, - • ■ jjfe2m-li«fe2m-l + l; • • • , 1 7 jt>+l , ' ' ' ijb,jl,-- - ,«fci-l) 

ABSn = (*!?''■ ? *fei I ' ' ' ? *fc2m-l J ■ ' ' 5 *u J ' ' ■ J *a) ' (j'l i ' ' ' i j'fci j ' ' ' i Jfe2m-1 7 ' ' ■ : jv—1 1 jv : ' ' ' : jb) 

= {h, ■ ■ ■ , «fei-l,ifci+l ■ • ■ , jfe27*fe2 + l, ■ ■ ■ , »fc2m-i-li ifc2™-l+l: • ■ ■ 7 Ju-l, '^7 ■ ■ ■ :*a)- 

(*fei,-- - , «/c2-l,ifc2 + l • • • Jkai^ka + l, - ■ ■ 7 Jfc2m-u «*:2m-i + l ; ' ' ' j j i j-u+l i ' ' ' ,jb,jl,--- 

Sometimes the length of the first cycle in the decomposition of AsnB will be Z — 1 and the length of the 

similar cycle in ABsn will be /. Such an example may be obtained as follows: let i^ — ia — n and 

jv = jb = n+l. Consider also A = {iki,ik2, ■ ■ ■ ,ife2™-n ' ■■ ,iu), B = {ji, jki, jk2, ■ ■ ■ ,ifc2™-i' ' ' ' Jv-i,jv)- 

Then s„S = {jk, ,jk2,--- , jfc2„.-i r ■ • , jv-i,jv,n), and 

Bsn = {jki,jk2,- ■ ■ ,jk2^-i,- ■ ■ ,jv-i,'n,jv) where ik^ = jk^. 

ASjiB {"iki I T'k2 : ' ' ' : ^fc2m-l ' ' ' ' I ' (j'fel J Jfe2 5 ' ' ' I Jfe2m-1 J ' ' ' 1 jv — 1 i jv j ^) 

~ (*fci I j'fca J j'fes 5 ' ■ ' iik2m-n''' I ^fe2m-i + l ' ' ■ ' j*u— l)' 

(*fc2 7 Jfe4 J j'fee I ' ' ' ' Jfc2m-2 J ^fe2m-2 + l J ' ' ■ I *'C2m - 1 — 1 J Jfe2m - 1 + 1 ' ' ' ' 7 Jf — 1 J Jf J ' 
ABSji (ifcj^ , Zi;2 , ■ ■ ■ , *fe2m-l 7 ' ' ■ I ' (j'fel J Jfe2 5 ' ' ' I jk2m-l 7 ' ' ' I jv — li '^j J W ) 

— (*fci J j'fea ; Jfe5 7 ' ' ' ; Jfc2m-i 7 ' ' ' i *fe2m-i + l ; ' ' ' j — 1 j jv)' 

{.^k2T jkil jk^T ' ' ' I Jfc2m-2 7 *fe277i-2+ll ' ' ' I *fe2m - 1 — 1 7 Jfe2m - 1 + 1 J ' ' ' iju— Ij'^)- 

The same type of decomposition in disjoint cycles will be obtained for any appropriate A and B, meaning 
the lengths of the disjoint cycles in AsnB and ABsn will be as in the above cases. □ 

Proof of Proposition [9] Since I is either mi(cr„) or + — mi((7„) it follows from lemma [TT] that the 
difference of the two polynomials will vanish if and only iil = n + 2 — l<^2l = n + 2. So from here we get 
two things: n must be even and I = □ 
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Example 12. An infinite family of pairs of braids in B5 (n — 4) which are not conjugate and the Fiedler 
polynomial cannot distinguish them. 



Let 



They are related by exchange moves for each k, and using the conjugacy algorithm (see [2]) we see that 
they are not conjugate. Their associated permutations are 

T^/Si.fc = 7r^2.;e = (1 3 4 2 5); X = CTsaaCTi, F = crgCTf^^i- 

TTx = (1 2 3 4), S47ryS4 = (1 2 3 5), and from here we get ttxttyS4 = (1 3) • (2 5 4) and 
TTXS4TTY = (1 3 5)- (2 4). 

In this example TOi((T„) = 5 — m2(cr„) =3. So I = = | = 3, and their Fiedler polynomial are equal. 
Similar examples can be obtained by multiplying each of the braids with a pure braid. □ 

Example 13. Two sets of braids in B5 {n = 4) which can be distinguished using the Fiedler polynomial. 

Let 

/3i = a3a2cria^^a2<7ia3ai and (32 = cr3a2(Ti(J4a2cria3a^^ . 
They are related by exchange moves. Their associated permutations are 

^/3i = ^fc = (1 5 3 4 2); X = (T3CT20-i, Y = (T2crio-3- 

TTx = (1 2 3 4), S47ryS4 = (1 2 3 5), and from here we get: nxTTYSi = (1 2 3 4) • (1 2 5 4 3) = (1 5 4 2) and 
TTxSiTTy = (1 2 3 4) • (1 2 4 5 3) = (1 4 2) • (3 5). 

We have mi((T„) = 4; m2((T„) = 2. In this case Z = 4 or Z = 1 7^ ^^^i^ = 3. Moreover the difference 

F/3j (^) ~ {x) = X + — x^ — 7^ 0. So we may conclude that they are not conjugate. □ 

Example 14. Let n be an even number. In this general case there are families of braids related by 
exchange moves which are distinguished by the Fiedler polynomial (if / = ^^). 

For i 7^ 1, let 

/3l = CTn-l • • • CriO',7"^fri-l • • • ' ' ' (^n-l^n and 

They are related by exchange moves for each k, Their associated permutations are: 

1. for i = 1 TT^j = 7r^2 = (12---n — lnn+1) 

2. for i 7^ 1 TT^i = 7r^2 — (1 2 ■ • • i — 1 n + 1 i ■ ■ - n) 

X = (7„_i • • • (Ti and Y = cr„_i • • • cr,;+i(TiCr~^\ • • • (T~^i 
TTx — (1 2 • • ■ n), s„7rys„ = (i n + 1), and from here we get: 



1. i = 1 

and 

2. i 7^ 1 



TTxT^ySn = (1 2 • • • n) • (1 n + 1 ri) = (1 2 • • • n — 1) • (n n + 1), 
T^xSnT^Y = (1 2 • • • n) • (1 n n + 1) = (1 2 • • • n — 1 n + 1) 



TTxSnTTy = (1 2 ■ ■ ■ Tl) ■ {l U -\- 1 Tl) 

= [l 2 ■ ■ ■ i - I n + I n) ■ {i i + I ■ ■ ■ n - I), 
TTxT^YSn = (1 2 ■ ■ ■ n) ■ (i n n + 1) 

= (1 2 ■ • • i - 1 n) ■ {i i + 1- ■ -n - 1 n + 1) 

Independent of i we have that TOi(cr„) = i + I and m2{<Jn) = n + 1 — i, so Z = z + 1, and the above 
permutations are conjugate if and only if ^^i^ = i + l<^i = ^. □ 
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3 Finite type invariants coming from Kauffman bracket 



In his paper [8], Kauffman describes a purely combinatorial way of obtaining the Jones polynomial. His 
main construction is a regular isotopy invariant for links in K'^ which was called later the Kauffman bracket. 
I will do the same construction in the solid torus and the object I'll obtain is an invariant of conjugacy 
classes of braids. Let R — C[a='=^,x], where a and x are two variables. The TL„ is the Temperley-Lieb 
algebra of index n which is generated by 1, ei, • • • e„_i and has the following defining relations: 

e| = d- ei 

CiCj — CjCi if \i — j| > 1 

Above, the coefhcient d = — a? — a^^ . 




n-1 



Figure 3: Generator et 



The elements of the Temperley-Lieb algebra can be viewed as pictures. Consider 2n points lying on two 
parallel horizontal lines in the plane, n on each line. The elements of the Temperley-Lieb algebra, which 
are also called states can be interpreted as a collection of n disjoint arcs connecting these 2n points. 
Figure [3] shows a picture of the algebra generator e^. These generators can be multiplied by putting one in 
top of the other to give all the elements of the algebra. The identity is the set of segments connecting the 
i-th point on the top line with the i-th point on the bottom line. 

Consider the following map: 

$ : B„ CB„ ^ ri„ (3) 
The map ([3|) is the representation of the braid group on the Temperley-Lieb algebra, given by: 

<I>(cri) = ■ ei + a-l, ^{crl^) ^ a ■ et + ■ 1. 

Let me explain the "closure" operation. Think the plane in which the states live as being the sectional 
plane of a cylinder as in the case of braids. The closure of a state is the exactly the same as the one for 
braids, meaning connect i-th point on the top line around the axis with the i-th point on the bottom line. 
Closing a state give us a set of unoriented curves in the solid torus ( the one winding around the axis 
considered), some curves being contractible, some of them winding around the axis. 

Let p — ^ of contractible components and g = ^ of homotopycally non-trivial components in the 
closure of a state. 

TLn is a vector space over C with the basis given by the set of states. 

Definition 15. Let / : TL„ R /(w) — d^x'^ for w a state and extend by linearity to the entire vector 
space. 

/ o $ associates to each braid a polynomial in a*^ and x. One can see that f{e,i) = d ■ x"^^ and /(I) = a;". 

Lemma 16. / : TL„ —tlX. is a trace Junction, in other words, it has the following three properties for 
(V) V, wC, TL,, and for (V) a e C[a±i]. 

1. f{v + w) = fiv) + f{w) 

2. f{a-v) ^ a- f{v) 

3. f{v ■ w) = f{w ■ v) 
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Proof. The first two properties are true because we have defined the function / as a hnear extension. For 
last property let's look at two generators of the Temperley-Lieb algebra, e^, ej. Consider the closure of eiCj, 
we can isotope Cj through the closure arcs in the top of e^. So the two closures arc isotopic in the solid 
torus, so they have the same number of components, which means that /(ejej) = /(ejCj). From here, by 
the same argument we find that / has the third property for every element in the basis of the 
Temperley-Lieb algebra. Now since each word is a sum of states with some coefficients, by linearity we get 
the property in general. □ 



For father computations it will be useful to have some formulas for ^{crf). 
Lemma 17. ^{(rf) = Pk{(i)ei + a^, where 

r Ef=o(-l)'«'=-'-'' if k>0 
Pk{a) = < 1 if k = 

[ Er="o(-l)'«'+'+'' if k<0 

Proof. Consider fc > 0. The proof will be by induction. For A; = 1 we have pi{a) = which is exactly 
what the formula give us. Assume the formula is true for k. For fc + 1 we have to prove that 



2-41 
I = 

^K''^^) = (a^^Ci + a) ■ {pk{a)e, + a}') = (a" V(a)c^ + a^~^ + apk{a)) 



The coefficient of Ci is pk+iW) 

fc-i fe-i 



1 = i = 

= (_;Ly + l^fc+l-2-4(/+l) ^ „fc+l-2 



a 

I = 

fc fc 



-2-4i 

— 1.) a 

I = \ 1 = 

The case A; < is similar. □ 



Proposition 18. Let a = e^ in $(/?). Then the coefficient oft'' in is a finite order invariant of order 
k. 

Proof. Consider a singular braid with k + 1 transverse double points, and consider its image in the 
Temperley-Lieb algebra, through the canonical extension of $ to singular braids. 

I will show that all the coefficients of t'^ up to power k+1 obtained after we expand a = e*, will be equal to 
zero. Let /3 = XiTi^X2Ti2 • ■ ■ Xk+iTi^_^_-^Xk^2, where X^s are braids in B„ and Tj is the standard singular 
i-th braid generator (the strings i and i+1 cross transversally in one point). 

«ii.-.eifc+i;ei,e{±i} 

Yl ■ • • e..+i*(^i)(a"''^ e,, + a^'i ) • • • <i>{Xk+i){a-'^-+^ei,^, + a^'-^+i MXk+2) 
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In the sum ^ we have 2'^'^^ terms of the form 



ei, ...ei,^,$(Xi)(a ^'le,, + a''^) ■ ■ ■ <S>{Xk+i){a '■'--+16^,^, + a'''=+i )*(^fe+2) 

and expanding each parenthesis we will get for each of them a sum of 2*^+^ terms, each one of them being 
like $(Xi) • • • • • eij.^j^ • ^{Xk+2), or with some ej missing. I am interested in the coefficient of 

each such term. In fact all the coefficients of any of the terms are equal up to a sign. Such term is realized 
2'=+! times. The sign in front of each appearance will be (—1)' where I is the number of -I's in the 
k + 1-tuple e^j^ , . . . , eij.^j . For a given such I we have ('^ j^^) ways of choosing I -I's out of + 1 numbers. As 
for the a factor for a given I will be of the form a' ■ {a~^)''~^^~\ because $(cr^^) = (ae^ + a^^). Putting 
everything together we get that the coefficient in front of ^{Xi) ■ e^^ • • ■ ^{Xk+i) ■ Si^^-^ ■ ^{Xk+2) is 

X: I • ia-r^^-' = (a-i - (5) 

1=0 ^ ^ 

For a = e*, we have a^^ — a = (l— i + — (l + i+ -- -)= — 2t + ■ ■ ■ , and we will have 
(-a + a^^)''+^ = (-2t)'^+^ + • • • =fc 0, so the coefficients of P = for all I < j < k. Here =k means 
truncating the terms of degree > A: + 1. Since the coefficient of all states which appear in the 
decomposition ^ is up to sign equal with ^ we get the conclusion of the proposition. □ 



Definition 19. Consider / o $(/?), and let a — e*. The coefficient of t'', a polynomial in x, is denoted by 
Corollary 20. ^(a;) is a k — th order invariant. 

Proof. Consider the image of the word in ^ after replacing a by e*, through /, We have that ^.(x) = 0, 
because all the coefficients up to order fc + 1 are zero. □ 



Proposition 21. ^{x) ^ F^(x) 

Proof. Consider £62. Its closure is the right hand trefoil. F^{x) ~ 3. Consider 

""1 

$((7^ ) — {a^^ei + a)'^ ~ p3(a)ei + where ^3(0) = a — a^"^ + a^'^ . Then 

/ o ^{(jf) — P3{a) ■ f o $(ei) + a'^ ■ f o $(1) = ^3(0) • d + • x^. Let a — e*. Looking only to the terms up to 
order 2 we wiU get d =2 -(1 + 2t) -{l-2t) = - 2, ^3(0) =2 I + t - {1 - 3t) + {1 - 7t) = 1 - 'it, = I + 3t. 
As a result / o $(cr?) =2 (1 - 3t) • (-2) + (1 + 8^2:^ = - 2 + a;^ + 3(2 + x^)t, and Q-3 , (x) = 3(2 + x^). □ 



We see that the exists for any fc, and moreover can be defined for any braids, not only for braided 
knots. 

I will start the study of this new invariant on exchange related knots with a discussion on Morton's 
braid representative of the unknot appearing in [9]. A conjugate of it is 

It belongs to B4. To destabilize to the canonical braid representative of the unknot in e G Bi, one needs 
either to stabilize first to B5, as Morton shows in [9], or needs to use exchange moves as in 'S . In fact it is 
sufficient to use only one exchange move, not two as in [S]. The notations for this example only, are: the 
standard generators of the braid group, at are replaced with i, and a^^ with i), a twiddle means that the 
transformation is conjugation in B„, and an arrow with no specification means that we are using only the 
braid relations, the rest being clear. 



222T2322123 exchange 22212322T23 
22212312113 ^ 22212T323TT 

2TT22212T23 destabilization 2TT22212T2 
TT22121T TT2212 
T212 TI2I 



22212321213 
TT22212T232 
TT22212T 
TT212I 
12 



destabilization 



Now let me consider the exchange related braids: 
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/?! — (Tj C30'2Cr2Cr20'i 0'20'3 (72 ^2 1 1 = 0^2 Cr^<J2C2<^2<^l(^2<J 3, (^2 '^2 1 J 

with X = (T2^^CT3cr20'2cr2 and Y — a2cr^^cr2^cr2^ ■ First let's calculate Q^^ k(^)^ and I will start $(/3i). 

$(/3i) = $(X)(aei + a"i)$(y)$(a"iei + a) = 

= $(X)ei$(r)ei +a2 ■ $(X)ei$(r)+ (6) 
+ ■ $(X)$(y)ei + 

The computations involve lemma [T71 and we will get: 

$(X)ei$(y)ei = + 2a-^ - Sfl-^ + 2a-^ - a^) ■ 636261 + {-2a-'^ + 3a^ - 2a^ + a") • 636361 + 

(-2a-3 + 2a - a^) ■ 6361 + (-a"" + Sa"'^ - Sa"'"^ + 4a - 2a5) ■ 6261 + (a + 2a3 - a'^) • 61 

$(X)6i$(y) = (a-5 _ 3a-i + 5a3 _ 3^7 ^ ^ii) . 62636162 + (a^^ - 2a-3 + 4a + a^ - - a^ - a^) ■ 616362 + 
(a"'^"'^ — a^'^ + a^"^) • 636261 + {a^'^ — 2a^^ + 3a — a^) ■ 626163 + a ■ 616263 + (a^^ — a^^ + 2a^^) ■ 6163 + 
{a-^ - 3a-5 + 3a~i - a^) • 6362 + (a^^ - 20"^ + 2a-i) • 6263 + (a"^ - 2a"'^ + 2a-^) ■ 6261 + (20^ - a'') • 
6162 + (a"" - a"'^ + a"3) • 63 + (2a~'^ - Sa"^ + 6a - 2a5) ■ 62 + a • 61 

$(X)$(r)6i = (-a-" + a-^ - a-3 + 2a + a^ - a^ - a^) • 636361 + (-a"" + 2a-^ - 2a-3 + 2a - a^) • 
626361 + (-a~^3 + a"^ - a"^ + a^^) • 6163 + (-a^^ + 2a"^ - 2a~^ + 3a^ - 2a^ + a") • 6361 + a • 61 

$(X)$(r) = (-a-" + a-^ - a-3 + a) ■ 6362 + (-a"" + 2a-'^ - 2a-3 + 2a - a^) • 6263 + {-a'^^ + a"^ - 
a-^ + a-i) • 63 + {-a-^ + 2a-^ - 2a-^ + Sa^ - 2a^ + a") • 63 + a 

The image of ^ through /. Let's start with the images of the states appearing: 

/(63636162) = /(6163) = (P 
f (616362) = f [636261) = /(636163) = /(616363) = d 
1(6362) = /(6263) = /(6261) = /(6162) = 

/(63) = /(62)=/(6l)=d-x2 

Replacing all these in ([6]), we get: 

/ o $(/3i) = /($(x)6i$(r)6i) + a2 . /($(x)6i$(y))+ 
a-2 . /(a>(x)<i>(y)6i) + f(<P(x)<P(Y)) - 

(-a-i^ + 2a-i5 - 2a-" - a"'^ + Sa"^ - a^^ - 5a - 

2a^ + a^ + 4a9 + a" - a^^ + a") + 
(a-15 _ 4a-ii + 9a-7 _ ^5^-3 _ ^ _ ^3 „ ^ 4^9 _ „13) . 3,2 _,_ ^ . ^4 

and similarly 

/ o $(/32) = /($(X)ei$(y)6i) + a-2 . /($(X)ei$(y)) + 
a2 . /($(X)$(y)ei) + - 

(-a"3 - - a - a^ + a^ + a^ + 2a^ + a" + a^^)+ 
(-2a"-'^ - cr^ - 4a - a^ - 2a^) ■ x'^ + a ■ x'^ 

It is clear, even from the images in the Temperley-Lieb algebra, that the two braids are different, but 
we can see that also their images through / are different. We can look at k^.x)i where 1 = 1,2 and 
fc > 0. For example ^(x) = 70 - Ux^ + x"* and Q^^^ ^(x) = 54 - lOa;^ + x^. 

Consider now in general two braids which are exchange related /3i = Xa^^^Ydn and P2 — XanY . 
We would be interested to compute the difference / o $(/?i) — / o $(/32). Let's look first to the difference of 
the images of (3i in the Ti„ algebra. 

5 = $(x)$(a-i)a>(r)$K) - <i>(X)<i>(an)Hy)H^n') = 
^(X) ■ (aen + a-i)$(r)$(a-ie„ + a) - $(X) ■ (a-^e^ + a)$(r)$(a6„ + a'^) 

So we can rewrite 5 as: 

5= (a"- a-2) . [$(X)6„$(y) - $(X)$(y)6„] (7) 
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Using the power series expansion a = e*, we see that a? — =2 4t. In case we want to look only to 
Qft i(^) ~ ^^^'^ ^^'^^ *° compute only the free term of /($(X)e„$(y)) - /($(X)$(F)e„). 

Let me investigate the braids in example (jl2p using these invariants. 

Example 22 (Example ([12]) revisited). The following two sets of braids in B5 are not conjugate, as we 
already know, and they cannot be distinguished either by the Fiedler polynomial, or by ^ (x) , but they 
can be distinguished by ^ (x) 

Pl.j = cr30-20-lCT4rV3(T2^"'"Vi(T4 and /?2j = 0-30-2(TlO-40-3Cr2^"'"VlO-j\ 

Set X — i73(T2cri and Y — a^o^^^ a\. 

$(X)e4«'(y) - $(X)$(r)e4 = 

$((73)$(a20-i)e4$(cr2^'+Vi) - $(tT3)$(a20-i)$((T2^ + Vi)e4 - 

• e3$(o-20-i)e4e3$(cr2''^Vi) - a"^ • e3$(cr2cri)e3$(cr2''^ Vi)e4+ 
$(o-2cri)e4e3$(cr2^+Vi) - $(cr20-i)e3$(cr2^+^'^i)e4 

The last equality is obtained using the expression for $(173) and the commutativity relations of 64 with 
ei, 62- We can reduce it more because we are interested in the images through / which are the same for 
cyclic permutations of the words. So in the image of / the last difference will cancel out. This lead us to 
the investigation of: 

a"2 . $(cr2Cri)e3<I>(a-2''^Vi) • [6364 - 6463] = 
= a"V2j+i(a) • (62616364 - 626163626463) + 
(a"^P2i+i(a) + c?^~'^d+ 2a'^^) ■ (^62616364 - 626163) + 
ap2j+i(a) • (616364 - 6163626463) + ap2j+iia) ■ (636164 - 6362646361) + 

(0^^2^+1(0) + a'^^d + 20^^+2) • ((i6i6364 - 6163) + 

0^^+^ • (^626364 - 6263) + 
a^^P2j+i{a) ■ (62616364 - 62616463) + 
0^^+** • (^6364 - 63) + ap2j+i{a) ■ (626364 - 626463) 

Let's evaluate the function / for the above states. 

/(62616364) = /(e26i63626463) = X 
/(ei63e26463) = /(6362646361) = dx 

/(626163) = /(636164) = 7(626364) = 7(626463) = dx 
/(6163) = 7(63626463) = d^x; 7(6364) = 7(6263) = x^;7(63) = dx^ 
7(62616364) = 7(62616463) = X 

The difference f {^{X)e4^{Y)) — f{^{X)^{Y)e4) using the expressions above becomes: 

a^P2j+i{a) ■ (x^ - d^x) + a2^+2 • {d^x - x^), 

The image of 5 through 7, will be: 

7(<5) = {a^ ~ a-2) . [7(<i>(X)64$(F)) - 7($(X)$(r)64)] = 
(a^ _ a-2) . [{a^p2j+i{a) - a^J+Z) . + <P{a'^+'' - a^P2j+i{a)) ■ x] 

and after expanding a = 6*, we get up to degree 3 in t: 

f{S) =3 4(-4ja;3 + 16ja;) -^2. 
So we have learned that Q5 — . , (x) — Qs — . , (x) = if fc = 0, 1, and the first non-zero difference is 

Q/Cj-,2(^)-Q07rj,2(^) = -i6j(a^'-4x). ... ° 

Because of the above example and similar computations I will make the following: 

Conjecture 23. ^{x) braids will vanish in the same way on exchange related as the Fiedler's polynomial 
does (see Proposition [9]). 



12 



References 

[1] Joan S. Birman. New points of view in knot theory. Bull. Amer. Math. Soc. (N.S.), 28(2):253-287, 
1993. 

[2] Joan S. Birman, Ki Hyoung Ko, and Sang Jin Lee. The infimum, supremum and geodesic length of a 
braid conjugacy class, preprint. 

[3] Joan S. Birman and Xiao-Song Lin. Knot polynomials and Vassiliev's invariants. Invent. Math., 
lll(2):225-270, 1993. 

[4] Joan S. Birman and William W. Menasco. Studying links via closed braids. IV. Composite links and 
split links. Invent. Math., 102(1):115-139, 1990. 

[5] Joan S. Birman and William W. Menasco. Studying links via closed braids. V. The unlink. Trans. 

Amer. Math. Soc, 329(2):585-606, 1992. 

[6] Thomas Fiedler. A small state sum for knots. Topology, 32(2):281-294, 1993. 

[7] The GAP Group, Aachen, St Andrews. GAP - Groups, Algorithms, and Programming, Version 4-2, 
2000. 

(\protect\vrule widthOpt\protect\liref {http : //www-gap . dcs . st-and . ac . uk\string~gap}{http : //www-gap . dcs 

[8] Louis Kauffman. State Models and the Jones Polynomial. Topology, 26(3):395-407, 1987. 

[9] H. R. Morton. An irreducible 4-string braid with unknotted closure. Math. Proc. Cambridge Philos. 
Soc, 93(2):259-261, 1983. 

[10] H. R. Morton. The Burau matrix and Fiedler's invariant for a closed braid. Topology Appl., 
95(3):251-256, 1999. 

[11] L. Rudolph, Seifert ribbons for closed braids. (Preprint, Columbia, 1981.) 
E-mail address: radu.popescu@imar.ro 



13 



